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Abstract 
In the current study the free vibrations of stepped anisotropic rectangular plates on elastic foundation are considered. The anisotropic 
stepped plate has a part-through crack at the re-entrant corner of the step. Natural frequencies of the plate are calculated for the given 
crack length. The influence of physical properties and geometric parameters on the natural frequencies is analyzed. 
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1. Introduction 
The vibration and bending problems of plates on elastic foundations are often met in the engineering of structures. To the 
plates on elastic foundations belong such the road surfaces, the airport runway, the aircraft parking area, railway tracks, the 
building foundation etc. 
The vibration analysis of thin plates on elastic foundations has been carried out by various researchers. 
Pengcheng and Peixiang [1] are studied vibrations of the plates on elastic foundation by the multivariable spline element 
method. 
Li and Yuan [2] adopted the quasi-Green’s function method to analyse the free vibration of a clamped thin plate on the 
Winkler foundation.  
Hatami et al. [3] provided the exact finite strip method (E-FSM) and used the method to solve the vibration and stability 
problems of the axially moving orthotropic plates on the elastic foundation. 
2. Statement of the problem 
A thin stepped rectangular plate made of an anisotropic material is considered. The plate is simply supported at the edges 
x = 0 and x = l whereas the other edges are free. The plate has width 2b, length l. Assume that the thickness h = hi, for 
x ∈ (aj, aj + 1), where j = 0, …, n. Let us introduce the notation 
 hj = γjh0,  
where 0 < γj ≤ 1. The parameters hj, aj, γj will be treated as given constants.  
It is assumed, that the plate has part-through cracks [4] at the corners of the re-entrant parts of the steps. Hence according 
parameters for the cracks are the crack position 
aj = αjl, 
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where 0 ≤ αj ≤ 1 and the crack length 
 cj = sjhj, 
where 0 ≤ sj <1. 
The aim of the paper is to determine the eigenfrequencies of the plate and the sensitivity of free vibrations on the crack 
location and its depth, also on the geometrical parameters of the plate. 
3. Equation of vibration 
The differential equation of the free vibration problem of the thin plates on the Winkler foundation can be expressed as 
follows [2] 
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where w(x, y, t) denotes the function of the mode shape, κ is the elasticity coefficient of the foundation, ω is the natural 
frequency, ρ is the mass density. 
It is assumed that the sides of the plate  
 x = 0, x = l, –b ≤ y ≤ b 
are simply supported, and the sides 
  ,  0   y b x l=± ≤ ≤ 
are free. 
The boundary conditions for a simply supported edge are [5] 
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at x = 0, x = l for –b ≤ y ≤ b, and 
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at  y b=±  for 0 ≤ x ≤ l. 
Transverse displacement w can be written in the form 
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where k is wave number of the kth mode in y-direction (k = 1, 2, …), b is plate width, λ is a complex number. 
Substituting Eq. (2) into Eq. (1) one obtains 
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Equation (3) can be expressed in the form 
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The roots of the above equation are 
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or 
 1,2 ,jr =±μ   
 3,4    jr i= ± λ . 
In this case the solution of equation (3) can be expressed as  
 ( ) 1 2 3 4              j j j j j j j j jX x A sin x A cos x A sinh x A cosh x= λ + λ + μ + μ  (4)
for x ∈ (aj, aj+1), j = 0,…,n. Here A1j, …, A4j  are integration constants, which are to be determined using the boundary and 
continuity conditions [6]. 
However, it appears that the quantity X' cannot be continuous at x = aj according to the model of distributed line springs 
developed by Chondros et al. [7], Rice and Levy [8], Dimarogonas [9]. 
4. The local flexibility 
The crack emanating at the re-entrant corner of the plate affects the vibrational behaviour of the structure. In order to 
account for the influence of cracks on the eigenfrequencies of vibrations we are following the ideas presented by Chrondos 
et al. [10], Dimarogonas [9], Kisa and Brandon [11], Kukla [12], Lellep and Sakkov [13]. 
According to this method the slope discontinuity 
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is treated as a generalized displacement whereas the generalized stress, i.e. Mj = Mx(aj, y, t). Evidently, 
 Θ  ,j j jC M= 
Cj  being the additional compliance caused by the crack. 
On the other hand, it is well known in the linear elastic fracture mechanics that [14-15] 
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where Gj is the energy release rate and cj stands for the crack length (depth) located at x = aj. It is assumed herein that the 
crack is of constant length. 
In the case of anisotropic materials the energy release rate corresponding to the contribution of the fracture modes I and 
II can be presented as [16-17] 
 ( ) ( )22 1 2 112 21 2 11 1 2
1 2
 
         .
2 2
j I III II
A A
G Im K Im K A Im K K
⎛ ⎞μ +μ
=− + μ +μ + μ μ⎜ ⎟
μ μ⎝ ⎠
 (6)
Here KI, KII, stand for the stress intensity factors in the cases of modes ''one'' and ''two'', A11, A22, A12 are the elastic 
coefficients [18]. The symbol Im(μ) denotes the imaginary part of the complex number μ = x + iy. 
The quantities μ1, μ2 in Eq. (6) stand for the complex numbers, the roots of the characteristic equation [16] 
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Evidently, in the case of isotropic materials μ1 = μ1 = i and, thus, Eq.(6) yields 
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The relation Eq.(7) is well known in the fracture mechanics in the case of homogeneous and isotropic materials [14]. 
In the present paper the attention will be focused at the case of cracks caused by bending forces, eg. normal stresses. We 
shall neglect the effect of eventual sliding. Thus one can take KII = 0 and from Eq. (5)-(7) one easily obtains 
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where sj = cj/h and 
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The shape function F in Eq.(8) can be determined experimentally. In the present study we employ the results of Brown 
and Srawley which can be presented as [19] 
 2 3 4( ) 1.93 3.07 14.53 25.11 25.8 .F s s s s s= − + − +  
The coefficient Y in Eq.(8) is defined by Bao [20] for orthotropic materials as  
 2 3 ( ) 1 0.1( 1) 0.016( 1) 0.002( 1)Y ξ = + ξ − − ξ − + ξ −  
where ξ is a combination of material constants 
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Here G12 is the shear modulus; v12, v21 stand for Poisson's moduli and E1, E2 are Young’s moduli in the fibers and 
transverse directions, respectively. 
Integrating Eq.(8) one obtains 
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5. Numerical results 
Numerical calculations are implemented for a plate made of an E-glass reinforced polymer. The material properties of the 
plate are [21] 
 11
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 11
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12
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The results of calculations are presented in Fig. 1-7 for the case n = 1, k = 1 and l = 10, b = 10, h0 = 0.06. In Fig. 1-7 the 
notation  
 1 1
0 1
, ,
a h c
s
l h h
α γ = == 
will be used.  
Fig. 1. Natural frequency for s = 0.2 and γ = 0.5 Fig. 2. Natural frequency for s = 0.6 and γ = 0.5 
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Fig. 3. Natural frequency for s = 0.2 and γ = 0.7 Fig. 4. Natural frequency for s = 0.6 and γ = 0.7 
Fig. 5. Natural frequency vs s, α =0.5 and γ=1 Fig. 6. Natural frequency vs s, a = 0.5 and γ=0.7 
In Fig. 1, 2 the relationships between the natural frequency and the step location are depicted for different values of κ. 
Here κ stands for the Young modulus of the foundation of the plate. In Fig. 1 the crack length c = 0.2h whereas Fig. 2 is 
associated with c = 0.6h. In both cases the ratio of thicknesses γ = 0.5. 
In Fig. 3, 4 similar results are presented for the crack length c = 0.2h, c = 0.6h and γ = 0.7. 
It can be seen from Fig.1-4 that the existence of the foundation reduces the values of natural frequency. Upper curves in 
Fig. 1-4 correspond to vibrations of the same plate without the foundation. Similarly, the greater the coefficient κ, the higher 
the frequency. 
The relationships between the natural frequency and the crack length s = c/h1 are depicted in Fig. 5-7. Fig. 5 corresponds 
to the plate of constant thickness with crack at the cross section a = 0.5l. In Fig. 6-7 the coordinate a = 0.5l. In Fig. 6 the 
ratio of thicknesses γ = 0.7; in Fig. 7 γ = 0.5. It reveals from Fig. 5-7 that the natural frequency decreases when the crack 
length increases. 
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Fig. 7. Natural frequency vs s, α =0.5 and γ=0.5 
6. Conclusions 
A method for determination of the natural frequency of free vibrations of anisotropic plates lying on an elastic foundation 
has been developed. 
The plates have stepped cross sections whereas at the corners of steps stable cracks are located. Calculations carried out 
showed that the foundation of the plate has essential influence on the natural frequencies. It turned out that in the case of 
materials of the foundation with higher elasticity coefficients the eigenfrequency of the plate has higher values. 
The lowest value of the eigenfrequency is achieved when the foundation is removed. 
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